Chaotic Invariant Sets of High-Dimensional Hénon-Like Maps  by Qin, Wen-Xin
Journal of Mathematical Analysis and Applications 264, 76–84 (2001)
doi:10.1006/jmaa.2001.7632, available online at http://www.idealibrary.com on
Chaotic Invariant Sets of High-Dimensional
He´non-Like Maps1
Wen-Xin Qin
Department of Mathematics, Suzhou University, Suzhou 215006,
People’s Republic of China
E-mail: wxqin@publicl.sz.js.cn
Submitted by U. Kirchgraber
Received November 8, 1999
High-dimensional He´non-like maps have many applications in the research of
spatial chaos and traveling waves of extended systems. Meanwhile, they are of great
interest in their own right. The aim of this paper is, by applying the implicit function
theorem, to show for high-dimensional He´non-like maps the existence of chaotic
invariant sets and the density of homoclinic points and heteroclinic points in them.
Our method is motivated by Aubry’s “anti-integrability” concept and is rather dif-
ferent from the traditional techniques such as horseshoes, transversal homoclinic
points and heteroclinic cycles, and snap-back repellers.  2001 Elsevier Science
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1. INTRODUCTION
In this paper we are concerned with the high-dimensional He´non-like
map Hα Rk → Rkk ≥ 3Hαx1     xk = x¯1     x¯k, where
x¯1=x2
x¯2=x3



x¯k−1=xk
x¯k= gx1     xk + αf xk
(1.1)
in which α ∈ R, g is a C1 map from Rk to R, f  R → R, and has two
distinct zeros which can be taken without loss of generality at x = 0 and
x = 1. For simplicity, let us assume f x = x1− x.
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In the research of lattice dynamical systems, much attention is paid to
spatial chaos [4, 8, 12] and traveling waves [1–3, 7]. A lattice dynamical
system is said to have spatial chaos if there exists a set of steady-state solu-
tions, on which the translational dynamical system behaves stochastically
[4, 8, 12]. Thus, for the study of spatial chaos or traveling waves, it is nec-
essary to discuss the existence of steady-state solutions or traveling wave
solutions and their properties, such as spatial periodicity, spatial asymp-
toticity, etc. For example, if a lattice system is represented by the equation
ujn+ 1 = αf ujn + guj−sn     uj+sn
then the steady-state solutions or traveling waves correspond to bounded
global orbits of some high-dimensional He´non-like map. (For a detailed
discussion, see [2–4]). From this point of view, studies of high-dimensional
He´non-like maps surely will provide useful help for the research of lattice
dynamical systems.
As far as high-dimensional He´non-like maps are concerned, the research
of chaotic behavior is of great interest in its own right [6]. Moreover, the
study of chaos in high-dimensional space is far from complete. An inter-
esting paper [14] proposed a method to check whether a system is chaotic.
Unfortunately, for high-dimensional He´non-like maps, it is possible, and
indeed likely, that the ﬁxed points are saddle ones, not expanding. Hence
they do not have snap-back repellers. The technique presented in this paper
is motivated by Aubry’s “anti-integrability” concept [5] and is rather differ-
ent from traditional ones such as horseshoes, transversal homoclinic points,
and heteroclinic cycles.
The paper is organized as follows. In Section 2, we construct a mapλ ·
from ∞ to ∞ corresponding to Hα, in which λ = 1/α. Next we establish
a one-to-one correspondence between the set of zeros of 1/α · and the
set of bounded global orbits of Hα. The set of zeros of  for λ = 0 is 2,
that is, the set of all sequences with two symbols 0 and 1. By application of
the implicit function theorem, these zeros can be continued to the zeros for
λ = 0. Based on the preparations in Section 2, we construct in Section 3
an invariant set α of Hα and show that on α the map Hα is topologically
conjugate to the shift map on 2 equipped with the usual metric.
2. APPLICATION OF THE IMPLICIT FUNCTION THEOREM
First let us introduce some notation. Let
∞ =
{
Y = yn  yn ∈ R n ∈ Z sup
n∈Z
yn <∞
}
with normY = sup
n∈Z
yn
Let Y n denote the component of Y = yn at site n Y n = yn.
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Suppose X = x1     xkT ∈ Rk. Xnn∈Z is said to be a global orbit of
Hα if Xn+1 = HαXn for n ∈ Z, i.e.,
xn+11 =xn2
xn+12 =xn3



xn+1k−1=xnk
xn+1k = gxn1     xnk + αf xnk
(2.1)
Let g′ix1     xk denote the partial derivative of g with respect to xi.
Note that  detDHαX = g′1x1     xk for X = x1     xkT ∈ Rk.
Let us assume g′1x1     xk = 0 for X = x1     xkT ∈ Rk so that Hα
is locally invertible. In fact, one may easily check that Hα is invertible if
g′1x1     xk = 0.
Now we construct a map λ · from ∞ to ∞ as follows: ∀Y = yn ∈
∞; deﬁne
λY n = λ−yn+1 + gyn−k+1     yn + f yn λ ∈ R (2.2)
For λ = 0, if Y = yn is a zero point of , then
λ−yn+1 + gyn−k+1     yn + f yn = 0
which gives
yn+1 = gyn−k+1     yn +
1
λ
f yn for n ∈ Z (2.3)
Let
xn1 = yn−k+1 xn2 = yn−k+2    
xnk−1 = yn−1 xnk = yn n ∈ Z (2.4)
Then Xnn∈Z = xn1     xnkTn∈Z is a bounded global orbit of H1/λ, i.e.,
Xn+1 = H1/λXn for n ∈ Z. Indeed, from (2.3) and (2.4) it follows that
xn+11 = yn−k+2= xn2
xn+12 = yn−k+3= xn3


 · · · 
xn+1k−1= yn = xnk
xn+1k = yn+1 = gyn−k+1     yn + 1λf yn
= gxn1     xnk + 1λf xnk
which agrees with (2.1) for α = 1/λ.
On the other hand, if λ = 0 and Xn = xn1     xnkT is a bounded
global orbit of H1/λ, then the equalities in (2.1) for α = 1/λ hold. Let
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yn = xn+k−11 , n ∈ Z; then Y = yn is a zero point of λ ·. Indeed, from
(2.1) it follows that
yn+1 = xn+k1 = xn+k−12 = · · · = xn+1k
= gxn1     xnk +
1
λ
f xnk
= gyn−k+1     yn +
1
λ
f yn
So far we have established a one-to-one correspondence between the set
of zeros λ · and the set of bounded global orbits of H1/λ for λ = 0.
For λ = 0, one may easily check that the set of zeros of 0 · is
2, where 2 = Y = y¯ny¯n = 0 or 1 n ∈ Z. By application of the
implicit function theorem, these zeros can be continued to the zeros for
λ = 0. The constants r and δ in the implicit function theorem are deter-
mined as follows. Giving the estimation of the norm of F−1y x0 y0, say
F−1y x0 y0 ≤M , choose r1 and δ such that Fyx y − Fyx0 y0 ≤ 12M
for x − x0X < r1 and y − y0Y < δ. Furthermore, ﬁx r < r1 such that
Fx y0Z ≤ δ2M for x− x0X < r.
It is easy to verify that λY  is continuously differentiable with
respect to all of its variables; and the derivative of  with respect to Y is
DHλY  = λL0 + L1, in which L0 and L1 are bounded linear operators
on ∞,
L0W n = −wn+1 + g′1yn−k+1     ynwn−k+1
+ · · · + g′kyn−k+1     ynwn
for W = wn ∈ ∞, and
L1W n = f ′ynwn
for W = wn ∈ ∞.
Let us assume
sup
1≤i≤k
sup
x1xk∈Rk
g′ix1     xk ≤ b
in which b > 0; then L0 ≤ 1+ bk , where · denotes the operator norm.
Let
a = sup
xi∈0 1
gx1     xk
and
λ¯ = min
{
1
41+ bk 
1
161+ a
}
 (2.5)
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Theorem 2.1. Suppose λ ≤ λ¯, with λ¯ as given in (2.5). Then, for any
Y ∈ 2, there exists a unique Y λ satisfying λY λ = 0 and Y λ −Y ≤ 1/8.
Proof. For any Y = y¯n ∈ 2, one has that D0 Y −1 = 1 = M .
Note that DλY  −D0 Y  = λL0 +L2, where L2 is a linear operator
on ∞:
L2W n = f ′yn − f ′y¯nwn for W = wn ∈ ∞
Choosing δ = 18 and λ1 = 141+bk , for any Y ∈ ∞ with Y − Y ≤ 18 and λ
with λ ≤ λ1, we have
DλY  −D0 Y  ≤ λL0+ L2 ≤ λ11+ bk +
1
4
≤ 1
2
= 1
2M

Furthermore, we ﬁx λ0 > 0 such that λ Y  ≤ δ2M for λ ≤ λ0. From
(2.2), the deﬁnition of , it follows that
λ Y  ≤ λ1+ a for Y ∈ 2
Hence we choose
λ0 =
1
161+ a 
Let λ¯ = minλ1 λ0. Note that λ¯ is independent of Y ∈ 2. The proof is
completed by applying the implicit function theorem.
Remark. Note that λ¯ is the common value up to which all of the zeros
of 0 · persist. It is possible that for Y ∈ 2, the equation λY λ
may also be solved for λ > λ¯ (with continuous Y λ). Furthermore, the
true threshold in λ for continuation of a zero will in general vary from zero
to zero. So λ¯ should be regarded as a lower bound of the set of critical λ’s
for all of the zeros.
3. CHAOTIC INVARIANT SET
In this section we construct, based on Theorem 2.1, an invariant set α
of Hα for α ≥ 1/λ¯, on which Hα is topologically conjugate to the shift
map on 2 equipped with the usual metric. Therefore Hα is chaotic on α
according to Devaney’s deﬁnition [10, 11].
The continuation map from 2 to ∞ in Theorem 2.1 is denoted by Tλ,
i.e.,
TλY  = Y λ for λ ≤ λ¯
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Let λ denote the image of 2 under Tλ, i.e., λ = Tλ2. Let σ denote
the shift map on ∞ or 2:
σY n = Y n+1
In this section we always suppose λ ≤ λ¯ or α = 1/λ ≥ 1/λ¯, so that
Theorem 2.1 holds true.
Lemma 3.1. Tλ commutes with the shift map, i.e.,
σ ◦ Tλ = Tλ ◦ σ
Proof. Note that if Y is a zero point of , so is σY . Then ∀Y ∈
2 σ ◦ TλY  = σY λ is a zero point of λ ·. From Theorem 2.1
it follows that Y λ − Y ≤ 1/8; hence σY λ − σY  ≤ 1/8. We
deduce that TλσY  = σY λ from the uniqueness of continuation in
Theorem 2.1. Therefore,
σ ◦ Yλ = Tλ ◦ σ
Corollary 3.2.
σλ = λ
Now we deﬁne a projection map from λ to Rk as follows. Given Y =
yn ∈ λ, as shown in Section 2, we obtain a unique global orbit Xn by
(2.4). Similarly, given i ∈ Z, if we take
xn1 = yi+n+1
xn2 = yi+n+2



xnk−1= yi+n+k−1
xnk= yi+n+k
(3.1)
then Xn = xn1     xnkT is also a bounded orbit of Hα with initial
point X0. Moreover, if we denote by Xn and Xn two orbits corre-
sponding to i = l and i = m, respectively, then we have
Hm−lα X0 = X0 (3.2)
Now ﬁx i ∈ Z and deﬁne *iY  = X, where Y = yn ∈ λ and X =
yi+1     yi+kT ∈ Rk. In fact, X is the initial point of the global orbit
Xn associated to Y by (3.1). Let +λ i = *iλ, i.e.,
+λ i = X = x1     xkT  xj = Y i+j
j = 1     k Y = yn ∈ λ (3.3)
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Lemma 3.3.
+λ i = +λ i+1
Proof. This follows immediately from the fact σλ = λ.
Let α = +1/α i i ∈ Z, and * = *0. Note that * from 1/α to α is
one-to-one since Hα is invertible.
Theorem 3.4. α is invariant for Hα.
Proof. From (3.2) it follows that
Hα+1/α i = +1/α i+1
hence Hαα = α.
Let 2 be equipped with the usual metric:
dYY  = max2−n  yn = y¯n
for Y = yn = Y = y¯n.
In what follows we show that Hα restricted to α is topologically conju-
gate to the shift map σ on 2 with the above metric.
First let us deﬁne the conjugacy map from 2 to α:
S = * ◦ T1/α
Theorem 3.5. S is a homeomorphism.
To prove Theorem 3.5, let us introduce some notation and state some
facts.
We deﬁne X − XRk = sup1≤i≤k xi − x¯i for X = x1     xkT  X =
x¯1     x¯kT ∈ Rk. Note that the metric on Rk deﬁned above is equivalent
to the Euclidean metric.
Let - = ξi  i = 1     2k denote the 2k distinct points in Rk with
components either 0 or 1, i.e.,
ξi = t1     tkT  tj ∈ 0 1 j = 1     k i = 1     2k
Let Ai be the closed neighborhood of ξi with radius 1/8, i.e.,
Ai = XX − ξiRk ≤ 1/8 i = 1     2k
Now for any Y = y¯n ∈ 2, let
x¯n1 = y¯n+1     x¯nk = y¯n+k n ∈ Z (3.4)
then Xn = x¯n1     x¯nkT is a sequence with Xn ∈ -. Let s =
    s−1 s0 s1    be a sequence with si ∈ 1     2k having the property
Xn = ξsn  (3.5)
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Obviously, the sequence s associated to Y by (3.5) is unique. Let Xn be
a bounded global orbit of Hα associated to T1/αY  by (3.1) for i = 0; then
Xn − XnRk = Xn − ξsnRk ≤ 1/8 by Theorem 2.1, i.e., Xn ∈ Asn .
Let s =     s−1 s0 s1    be a sequence with si ∈ 1     2k associ-
ated to a given Y = y¯n ∈ 2. Deﬁne
ωs−i···s0···sj = H−jα Asj  ∩ · · · ∩As0 ∩ · · · ∩HiαAs−i
for i > 0 and j > 0. Note that ωs−i···s0···sj may be rewritten as
ωs−i···s0···sj = X  H−iα X = As−i     X ∈ As0    HjαX = Asj
It follows that ωs−i···s0···sj forms a nested sequence of nonempty closed
sets as i → +∞ and j → +∞. By the uniqueness of continuation in
Theorem 2.1 we have that
⋂
i>0 j>0ωs−i···s0···sj consists of a unique point
and diamωs−i···s0···sj  → 0 as i → +∞ and j → +∞, where diam =
supx y∈ x− yRk for a closed subset  of Rk. In fact,
⋂
i>0 j>0ωs−i···s0···sj =
SY  = * ◦ T1/αY .
Remark. For all possible combinations s−i · · · sj , the closed sets
ωs−i···s0···sj deﬁned above are all disjoint and α is contained in their
union.
Proof of Theorem 35. Note that * and T1/α are one-to-one and onto,
and so is S.
Next, we show that S is continuous. Choose Y ∈ 2. According to (3.4)
and (3.5), there is a unique sequence s¯ =     s¯−1 s¯0 s¯1    corresponding
to Y . For any ε > 0, there exists an integer n such that diamωs¯−n···s¯0···s¯n <
ε. Pick δ = 1/2n+k+1. Now for any Y ∈ 2 with dY Y  < δY agrees withY in the terms with index i = −n− k to i = n+ k, which implies that the
sequence s corresponding to Y by (3.4) and (3.5) agrees with s¯ in the terms
with index from i = −n to i = n. We deduce that SY  SY  ∈ ωs¯−n···s¯0···s¯n ;
hence SY  − SY Rk < ε. This proves the continuity of S.
Therefore, S is a homeomorphism from a general topological theorem:
a bijective map S C → H from a compact space to a Hausdorff space H
is a homeomorphism if and only if S is continuous.
Theorem 3.6. For any Y ∈ 2,
Hα ◦ S = S ◦ σ
Proof. Let T1/αY  = Y = yn =     y−1 y0 y1 y2   . Then from
(3.1) and (3.2) it follows that SY  = * ◦ T1/αY  = y1     ykT , and
HαSY  = y2     yk+1T . On the other hand, S ◦ σY  = * ◦ T1/α ◦
σY  = * ◦ σ ◦ T1/αY  = y2     yk+1T = Hα ◦ SY . Consequently,
Hα ◦ S = S ◦ α.
So far we have shown that Hα on α is topologically conjugate to σ
on 2. One can deduce that Hα is chaotic on α according to Devaney’s
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deﬁnition [10, 11]. That is,
1. Hα has sensitive dependence on initial conditions.
2. Hα is topologically transitive.
3. Periodic points are dense in α.
Remark. From the above theorem we also know that the homoclinic
points and heteroclinic points are dense in α.
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